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1. INTRODUCTION 
The Hermite functions 9)” , v = 0, 1, 2, ***, are the normalized eigenvectors 
of the transformation D2 + Q” in L2(- co, co), where Q is the operator 
corresponding to multiplication by the independent variable X, and D stands 
for i (d/&c). This note presents a few observations resulting from an effort 
to prove that the sequence ((n!)-’ a,&s, with 
converges to zero for any fixed Y. Unfortunately, for the application we had 
in mind this is not true. We found, however, that each anv is rational, and may 
be calculated explicitly (Theorem I). It also turned out that the numbers 
%w = p 2” I)!! anv 
have some attractive properties (Theorem II). These results seem to have 
sufficient general interest to motivate publication. 
2. DETERMINATION OF THE NUMBERS anv 
In calculating a,” we shall use precisely the following properties of D 
and Q: 
(i) D and Q are linear, symmetric, and unitarily equivalent. In fact, if U 
denotes the Fourier-Plancherel transformation we have 
D = UQ U-l = - iFQU. 
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(ii) D2 + Q2 has a discrete and simple spectrum, and each eigenvector 
v, belongs to the domain of the transformation DkQIDm whenever k, 1, and m 
are nonnegative integers. 
(iii) We have the relation DQ - QD C il, where I is the identity trans- 
formation in L2, and i is the imaginary unit. 
In spite of the fact that D and Q are, essentially, the only transformations 
which satisfy (i)-(iii) above, we give the theorem below a seemingly general 
formulation. The reason is partly that this simplifies writing; and partly that it 
more clearly indicates how similar arguments can be used to obtain analogous 
theorems for the eigenfunctions of D2 + Q2p, and for other “permutation 
rules” than (iii). 
THEOREM I. Let the linear transformations D and Q in a Hilbert space 
satisfy (i) - (iii). Then 
11 DnV, 11’ = /I Q”VV j/’ = (2;2-$)!! r&,,h:-2”, 
. . k=O 
n = 1, 2, 3, ..., v = 0, 1, 2, *.e. 
Here A,, Y = 0, 1,2, *a., denote the eigenvalues of D2 + Q2, and the constants 
clcn are natural numbers obtained by the following rule: co, = 1 for all n, and 
ck,, is, fbr k = 1, 2, **a, [n/2], the sum of all products of the form n12nz2 a.* nk2 
where each nj is a natural number, nj + 1 < nj+l , for j = 1, 2, ‘.a, k - 1, 
and n, < n. 
PROOF. Let h be an eigenvalue of Da + Q” and denote the corresponding 
eigenvector by y. It follows from (i) that (Q” + D2) Uy = AUy. Thus 
Uy=Cy,where/CJ=l,andso 
Ii D”Y II = II U?Y II = IIQ”uy II = IIPY Il. 
Putting a, = // Qny /I2 = (Qzny, y) we shall establish the recursion for- 
mula 
(2n + 2) anfl = (2n+l)ha,+~(2n-l)2n(2n+l)a,+. (*) 
To this end we shall use the relation ipQp-l1 DQ” - QDD, obtained by 
induction from (iii). Putting p = 2n + 3 we have 
i(2n + 3) a,,, = (DQ2n+1(X - D”) y, y) - (Q2n+1~, (A - D2) y) 
= i(2n + 1) W, + (DQ2nD~,~)l. 
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Using the fact that 
DQ”“Dy = [Q”“D” + 2niQ2”-ID] y 
= [D2Q2” - 2niDQ2”-11 y 
= 4 [Q”“D” + D2$JLn + 2n(2n - 1) Q2np2] y, 
we obtain 
(2fi + 3) %I+1 = (2n + 1) [A% + 8 (k - a,,, + Aa, - a,,, 
+ 2n(2n - 1) a,-,)], 
which simplifies to (*). Since a, = I by definition, we obtain a, , n = 1,2, 
3, -a., from this recursion formula. In order to find the explicit form for a, 
given in the theorem we put 
b, = a, = 1 and bn = (2;ra)!j)!! a, for 12 = 1, 2, 3, ... . 
Then (*) takes the simple form 
b n+l = %, + n2b,-l , 
and the theorem follows by induction. 
3. SOME PROPERTIES OF THE NUMBERS unu 
If we make a table over unv (with XV = 2u + 1) for a few values of n and V, 
we see that the numbers 
seem to be odd integers satisfying olllV = IX”~ , and that each any (n, v = I, 2, ***) 
is simply the sum of the three adjacent numbers an,v--l , 01,-i,~-r , and ~l,-t,~ . 
To prove this we introduce the generating function 
With the aid of the recurrence formula 
71%. = p + 1) %x4,” + (n - 1) %4,” with %)y= 1, 
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obtained from (*), we arrive at the equation 
(1 - 9) $ - 2t g = (1 + S) A 
JO, t) = (1 - t)-1, 
with the simple solution A(s, t) = (1 - s - t - st)-l. From the generating 
function it follows immediately that anv = ~l,-i,~ + o~,-r,~i + OI,,~~. It 
is also clear that anv = ayn and that each 01,” is an odd integer since it is, by 
induction, the sum of three odd integers. We thus have 
THEOREM II. Let v,, v = 1, 2, 3, .-., be the Hermite functions. Then the 
numbers 
are odd integers satisfying alZY = CC,, . They are generated by the function 
(I - s - t - st)-l, and thus satisfy the recurrence relation 
%a = ci n-l," + "n--lw-1 + %-I . 
The asymptotic behavior of a,, for fixed n follows directly from Theorem I. 
The asymptotic behavior for fixed v is then simply calculated from the 
symmetry of (01%~). The result is 
THEOREM III. For$xed n. we have 
J’I”, / 2 I’dx = (2;2$:)!! (2~ + 1)” [I + 0 ($1 , 
and for jixed v 
,I, 1 2 jl dx = (2n ; ‘I!! (2n f ‘)” [l + 0 ($1 
= -j+$nv-1/2 [l + 0 it)]. 
